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1 Preliminaries

1.1 Sets

Questions:

1. Consider the sets A and B where:

A = fa 2 Z j a = 2k, for some integer kg,

B = fb 2 Z j b = 2j � 2, for some integer jg.

Does A = B? If yes, prove it. If no, explain why not.

2. Consider the sets A = f1; 2; 3g, B = fx; yg, and C = fu; vg. Let P(A) denote

the powerset of A. Find each of the following:

(a) P(A [B)

(b) P(B � C)

(c) P(P(C))

(d) A� (B \ C)

(e) (A�B)� C

3. Prove the following: The empty set is a subset of every set.

4. Prove or disprove: For the arbitrary sets A;B; and C, knowing that A � B and

A � C implies that A � B \ C.
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5. Prove the following identity:

A� (B [ C) = (A�B) [ (A� C);

for arbitrary, nonempty sets, A;B and C.

6. Prove that for any three arbitrary sets, A, B, and C, if C � B � A, then

A \ C = ;.

7. If the statement about powersets is true, prove it, or �nd a counterexample if

it is false. For all sets A and B,

(a) P(A [B) � P(A) [ P(B)

(b) P(A \B) = P(A) \ P(B)

(c) If A � B then P(A) � P(B)

8. Prove this statement of De Morgan’s Laws :

A \B = A [B:
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(b) R = f(1; 2); (2; 3); (5; 4); (1; 1); (6; 1); (2; 5); (5; 2); (3; 3)g

4. Write an equivalence relation on the set S = f1; 2; 3; 4; 5; 6g that has the subsets

f1; 3; 6g, f2; 5g, and f4g as the partition of its equivalence classes.

5. Given the set S = ff1g; f2g; f3g; f4g; f1; 2g; f1; 5g; f3; 6g; f4; 6g; f0; 3; 6g;
f1; 5; 8g; f0; 3; 4; 6gg and the relation, R, being the is a subset of relation. Draw

a Hasse Diagram for this partial order.

6. Let S be the set of all integers and x R y if and only if x � y (mod 5). Is R a

partial order? Explain why or why not. If R is a partial order, draw its Hasse

diagram.

7. If S is a set with jSj = k, how many relations on S are:

(a) symmetric?

(b) antisymmetric?

Hint : Consider the k � k matrix, M . 1 in the ith row and jth column means

mi R mj, while 0 in the ith row and jth column denotes mi ��R mj: Count the

possibilities that will result in the matrix which represents the given relation.

8. Let S = N. If we de�ne a R b to mean that b
a
2 Z, is R antisymmetric?
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2 Graph Theory

2.1 Graphing Preliminaries

2.2 De�nitions and Basic Properties

Questions:

1. Draw the following graphs and determine how many edges each has.

(a) K4

(b) K3;2

(c) K1;5

2. How many edges are in

(a) Kn?

(b) Km;n?

For some positive integers m;n.

3. If a graph has �ve vertices of degree 4 and four vertices of degree 3, how many

edges does it have?

4. Draw the following graphs, or explain they cannot exist.

(a) A graph with an isolated vertex and a universal vertex.

(b) A cubic graph of order 5.

(c) A bipartite graph of order 5 and size 7.

(d) A bipartite graph of order 8 and size 10.

5. Can a graph have K3 subgraph and be bipartite? Explain.
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6. Let G be the following graph:

(a) Is the following a subgraph of G?

(b) Draw an induced subgraph of G with exactly 3 edges.

7. Draw a graph with K4 as an induced subgraph.

8. A graph has 26 vertices and 58 edges. There are �ve vertices of degree 4, six

vertices of degree 5, and seven vertices of degree 6. If the remaining vertices all

have the same degree, what is this degree?

9. A graph has 24 vertices and 30 edges. It has �ve vertices of degree 4, seven

pendant vertices, and seven vertices of degree 2. All other vertices have degree

3 or 4. How many vertices of degree 4 are there?

10. Use graph theory to explain why at any party an even number of people speak

to an odd number of people.
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11.



19. Construct a graph on �ve vertices with six edges such that there are no three

pairwise adjacent vertices (i.e. no triangles).

20. Using graph theory, explain whether or not it is possible for each person, in a

group of 15 individuals, to have exactly three friends. (Assume that friendship

is a symmetric relation, i.e. friendship goes both ways.)

21.



2.3 Isomorphisms

Questions:

1. In your own words, what does it mean for two graphs to be isomorphic?

2. If G1 and G2 are isomorphic graphs then they have the same number of ver-

tices, the same number of edges, and the same degree sequence. What is the

converse of this statement, and is it true or false? If true, prove it. If false, �nd

a counterexample.

3. Draw all non-isomorphic graphs with n vertices for

(a) n = 3

Hint : there are four such graphs.

(b) n = 4

Hint : there are 11 such graphs.

(c) n = 5 and connected

Hint : There are 21 such graphs

4. Show that every graph is isomorphic to the subgraph of some complete graph.

What is a necessary lower bound for the order of these complete graphs?

5. Prove that if two graphs are isomorphic, they must contain the same number

of triangles.
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9. Determine whether the following pairs of graphs are isomorphic. If they are



(d)

a

b

c d

e

1

2

3 4

5

(e)

a

b
c

d

e

f

g h

i

1

2
3

4

5

6

7 8

9

10. A self-complimentary graph is a graph whereG �= G. Construct a self-complementary

graph of order 8. Show the two graphs are isomorphic by drawing the comple-

ment to look the same as the original graph.
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2.4 Eulerian Circuits

Questions:

1.



(c)



(f)

3. Suppose two graphs, G and H, are Eulerian. If an arbitrary vertex of G is made

adjacent to an arbitrary vertex in H, is the new graph Eulerian?

4. Explain how the K�onigsberg Bridge problem is directly related to the study of

Eulerian graphs.

5. Prove that there is a walk from vertex u to vertex v if and only if there is a uv

path.

Hint: Induction in one direction.

6. Find a graph of order 7 such that both G and G contain Eulerian circuits.

Hint : For every v 2 V (G), degG(v) + degG(v) = 6.

7. Determine if each statement is true or false. If true, provide a brief proof. If

false, �nd a counterexample:

(a) Any graph in which all vertices have even degree contains an Eulerian

circuit.

(b) A closed walk contains a cycle.

(c) A graph with multiple components can contain a Eulerian cycle.
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(d) If a connected graph has n = 2k vertices, for some positive integer k, all

with odd degree, then there are k disjoint trails containing every edge.

8. For which integers m and n is Km;n Eulerian?

9. Is a Eulerian circuit necessarily a cycle? Prove or �nd a counterexample.

10. For which positive integers n does Kn have an

(a) Eulerian circuit?

(b) Eulerian trail?

11. If the following statement is true, prove it. If false, provide a counterexample.

All circuits of order n contain a cycle and any circuit that is not isomorphic to

Cn contains at least two cycles.

12. De�ne the relation, R, on the set of vertices of a graph, to be u R v if and only

if there exists a uv walk, where u; v 2 V (G). Prove that R is an equivalence

relation on V (G).

13. Prove that at least one of G and G is connected.

14. Prove that if for a graph, G, of order 9 every pair of distinct vertices u; v 2 V (G)

deg(v) + deg(u) � 8 then G is connected.

15. If G



16. Show if vertices u and v belong to a circuit of G that after the removal of any

arbitrary edge of this circuit a uv trail will remain in the graph.
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2.5 Hamiltonian Cycles

Questions:

1. Explain the di�erence between an

(a) Eulerian circuit and a Hamiltonian cycle.

(b) Eulerian trail and a Hamiltonian path.

2. Which of the following graphs are Hamiltonian? If they are Hamiltonian identify



(b)

(c)



(d)

(e)

20



(f)

(g)

3. Recall that Dirac’s Theorem states: if a graph G has at least 3 vertices such



4. Does there exist a graph that is both Eulerian and Hamiltonian? If so, �nd one.

If not, explain why this is impossible.

5. A group of n people are going out to dinner, where n � 0 (mod 2) and n � 3.

If every person going to dinner is friends with at least half the group, prove it

is possible to seat the friends around a circular table so each person is seated

next to two friends.

6. Let G be a graph with at least 3 vertices and
�

n�1
2

�
+ 2 edges. Prove that G isnexTJ/F32 nian?If



11. Prove that if G is a connected bipartite graph, with a Hamiltonian path, the

orders of the partite sets di�er by at most one.

12. Find a connected, cubic, non-Hamiltonian graph.

13.



2.6 Trees and Their Properties

Questions:

1. Provide an example of a degree sequence of a tree with at least 3 vertices. Ex-

plain why this is a possible degree sequence.

2. Give three equivalent de�nitions of a tree.

3. Prove that the addition of any edge to a tree creates a cycle.

4. Draw all non-isomorphic trees of order n, where

(a) n = 4

Hint : There are exactly two.

(b) n = 5

Hint : There are exactly three.

(c) n = 6.

Hint : There are exactly six.

5. Does there exist a tree with a Hamiltonian trail? If yes, provide an example.

6. True or false: The subgraph of a tree is always a tree. Justify your answer.

7. A tree has 100 leaves, 20 vertices of degree 6, and half of the remaining vertices

have degree 4. The left over vertices are degree 2, how many vertices are of

degree 2?

24



8. A tree, T , with 35 vertices has 25 leaves, two vertices of degree 2, three vertices

of degree 4, two vertices of degree 6 and three vertices of degree x. Solve for x.

9. Prove, by induction, that if a connected graph has n vertices and n� 1 edges,

then it is a tree.

10. Let T be a tree. Suppose deg(v)



17. Find a graph with �ve vertices and four edges that is not a tree. What speci�c

property of a tree fails?

18. Construct a tree with the following properties or explain why such a tree cannot

exist.

(a) 10 vertices and the sum of degrees of vertices is 24.

(b) 12 vertices and 15 edges.

(c) 8 vertices and 7 edges.

(d) 4 vertices and the sum of degrees of vertices is 3.

19. Consider the graph G below:

b e

ca

f g i

j

h

k lm



(a) Draw a spanning tree, T , of G that has two vertices of degree 6, or explain

why such a spanning subgraph does not exist.

(b) Find an induced 4-cycle of G, or explain why such a subgraph does not

exist.
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2.7 Planar Graphs

Questions:

Throughout this section we will use V to denote the number of vertices of the graph,

E the number of edges of the graph, and R the number of regions.

1. What is a planar graph?

2. In your own words, de�ne what it means for two graphs to be ‘homeomorphic’?

3. Determine whether each of the following graphs is planar. If so, redraw it in

the plane. If not, explain why using Kuratowski’s Theorem.

(a)

28



(b)

(c)





5. Let G



(a) 7 vertices and 13 edges.

(b) 6 regions and 5 vertices.

(c) 8 vertices and 20 edges.

(d) 10 regions and 5 edges.

14. Does there exist a plane graph with 5 regions such that every region is bounded

by exactly four edges. Explain.

15. Prove if there exists a circuit in a planar graph that contains two regions, both

with an even number of boundary edges, then the circuit is of even length.
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2.8 Colouring Graphs

Questions:

1. Describe what is meant by \colouring a graph".

2. What can be said about a graph with chromatic number 1?

3. Determine the chromatic number for the following graphs. Provide a brief

explanation.

(a) Kn.

(b) Km;n.

(c) Any bipartite graph.

(d) Any tree.

(e)

33



(f)



(i)

4. If the following is true, prove it. If false, provide a counterexample. Any graph

with n or n+1 vertices and exactly n edges has chromatic number at most three.

5. True or False? Provide an explanation or �nd a counterexample.

(a) If �(G) = 3 then G contains a triangle.

(b) If a planar graph contains a triangle, then �(G) = 3.

(c) Isomorphic graphs have the same chromatic number.

(d) Homeomorphic graphs have the same chromatic number.

(e) Any Hamiltonian graph with �(G) = 2 is planar.

(f) A graph is bipartite if and only if it has chromatic number 2.

(g) If �(G) � 4 then G is planar.
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(h) If �(G) = n, then G contains a subgraph isomorphic to Kn.

(i) If there exists a 4-colouring of G then �(G) = 4.

(j) If G contains a subgraph isomorphic to Kn then �(G) � n.

(k) If we can prove G has no 3-colouring then �(G) = 4.

6. An edge colouring of a graph is an assignment of colours to the edges of the

graph such that no adjacent edges have the same colour. Find a minimum edge

colouring for the following graphs. Does each graph have the same number of

colours in a minimum edge colouring as a minimum vertex colouring?

Hint : You’ve already identi�ed the chromatic number of these graphs in ques-

tion 3.

(a)



(b)

7. Model and restate the following scenarios as a graph-colouring problem. Clearly

indicate what represents the vertices, edges and colours.

(a) A zoo plans to remodel by removing all cages and instead placing animals

in large, open, enclosed areas. Any animals that cannot live together in

harmony (i.e. a lion and a elk) must be put in di�erent enclosures. The

zoo would like to determine the minimum number of enclosures needed so

that each animal can live peacefully.

(b) The English department is scheduling courses for the upcoming year. Each

student has made a list of the courses they would like to enrol in. The de-

partment would like to make a schedule so that every student can enrol in

all of their desired courses without con
ict.

8. Explain why a graph with 8 vertices and 17 edges has chromatic number more

than two.
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9. Use induction to prove that �(G) + �(G) � n + 1, where n is the number of

vertices of G.

10. If the following is true, prove it. If false, provide an explicit counterexample.

If every region of a planar graph is bounded by an even number of edges, then

there exists a 2-colouring of the graph.

11. Prove that if a graph has at most two cycles of odd length then it can be

coloured with 3 colours.

12. Consider a colouring of a graph. What can you say about all vertices assigned

the same colour?
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3 Counting: Fundamental Topics

3.1 Basic Counting Principles

3.2 The Rules of Sum and Product

Questions:

For each of your solutions, when appropriate, explicitly identify if you are using the

rule of sum, the rule of product, or both.

1. Explain the following in your own words.

(a) The rule of sum for multiple events.

(b) The rule of product for multiple events.





11. A palindrome is a word that has the same spelling when read forwards or back-

wards. Find the number of 7-letter palindromes.

12. Let A = fa1; a2; :::; amg and B = fb1; b2; :::bng. How many functions

f : A! B are there such that:

(a) f(a1) = f(a2)

(b) f(a1) = b1 and f(a2) 6= b1

(c) f(a1) 2 fb1; b2; b3g

(d) f(a1) = bk, for some k 2 f1; 2; :::ng and for all other ai; i 2 f2; 3; :::mg
f(ai) 6= bk

(e) f(a1) 6= f(a2)

13. How many functions are there from a set with 5 elements to a set with 3 ele-

ments?

14. How many di�erent ways are there to answer a true or false test with 25 ques-

tions, assuming every question is answered?

15. The math department is hosting an event. They are randomly inviting one

professor and one student to give a speech together. If there are 1500 students

and 50 professors, how many di�erent pairs could give a speech? What about

if only one person gives a speech and it could be a student or a professor?

16. If A = f1; 2; 3g, B = fa; b; c; dg, C = f�; �; 
; �; �g, how many distinct 3-tuples



1 advertises that its combination is an ordered sequence of numbers between 1

and 35 such that the �rst number cannot be the third number. Lock 2 adver-

tises that its combination is an ordered sequence of 4 numbers between 1 and

25 where the �rst three numbers are all distinct and the fourth number must

be the same as one of the previous three numbers. Which lock should Jamie

purchase?

18. How many words (strings of letters) exist that are length 1, 2 or 3?
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3.3 Permutations

Questions:

1. In your own words, describe a permutation.

2. Explain why the permute function requires distinct objects when counting.

3. How many di�erent permutations of the word MATHS are there of length,

(a) 5?

(b) 3?

(c) If repetitions are allowed, how many di�erent 10 letter ’words’ can we make

using the letters from MATHS?

4. How many di�erent 6 letter permutations of the word COFFEE are there?

Hint : Be aware of repeated letters.

5. (a) You and seven friends dine at a circular table at a fancy restaurant. How

many di�erent ways can the eight of you seat yourselves around this table?

(b) What if two people insist on sitting together?

Hint: The arrangement is considered the same if everyone sits next to the same

two people.

6. There are 25 people competing in the school swim race including Nia, Andre,

and Katie.

(a) At the race, the �rst, second, third, fourth, and �fth fastest swimmers

receive medals. How many possible ways can these medals be distributed?
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(b) How many possible ways can these medals be distributed if Nia, Andre,

and Katie always place in the top three positions?

7. A group of eight would sit in a row at the movie theater, how many ways can

arrange themselves if Andrew and Asiya refuse to sit beside each other?

8. In how many ways can the numbers 3; 4; 4; 5; 6; 7; 8 be arranged to create num-

bers less than 6000000?

9. Leora has 20 books in her room. Her three friends each want to borrow two

books from her. Tomorrow they’re all coming over to pick them up, in how

many di�erent ways can Leora loan out the books such that the order she gives

each friend their books is the order in which they read them?

10. Jos�e lost the last two digits of his friend’s phone number. How many di�erent

phone numbers will Jos�e potentially have to call before calling his friend?

11.



13. Using the de�nition of a permutation, show that P (n; n) = n!.

14. Explain when you would use a permutation instead of the Rule of Product.

15. Create a counting problem that has the solution:

(a) P (7; 2).

(b) P (10; 9).

16. Prove that for an integer n � 2 that

P (n+ 1; 2)� P (n; 2) = 2 � P (n; 1)

.

17. A K-pop fan has 10 di�erent posters to arrange (in a line) on their wall. Three

posters are from one band, four from a di�erent group, and three from a third

group. How many ways can the posters be lined up such that posters from the

same group are together?

18. How many ways can the letters of MISSISSIPPI be permuted?

19. What if the functions from question 12, section 3:2, had to be one-to-one? What

must �rst be said about the cardinality of A and B?

20. (a) How many ways can the letters in BOOKKEEPER be rearranged?

(b) What if the E’s cannot be consecutive?

(c) What if the E’s had to be consecutive?

(d) What if the vowels had to occur consecutively?
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3.4 Combinations and the Binomial Theorem

Questions:

1. In your own words, explain the di�erences and similarities between a permuta-

tion and a combination and describe when each one is used.

2. A lottery ticket consists of �ve unordered, distinct numbers between 1 and 69

and one letter. A winning ticket must contain all the numbers and the letter

drawn by the lottery company. If the prize is $10,000,000 and the tickets cost

$0.50 is it worth buying all the tickets to ensure a win?

3. The local college’s intramural basketball team accepts 21 players. This year 80

students tried out. They want to arbitrarily decide who to let on the team. In

each scenario, determine how many di�erent possible teams there are.

(a) No further restrictions.

(b) The school boasts about the opportunities available for �rst year students

so, the team wants to make 10 out of the 21 team-members �rst year

students. Out of the 80 players who tried out, 40 of them are �rst year

students.

(c) While the intramural team is non-competitive, they enjoy beating the

neighbouring college’s team, so they guarantee the two highest scoring

players from last year’s team a spot.

(d) The school wants to have a mix of students who played last year and

students who didn’t. 65 of the students who registered did not play last

year, while 15 students did. The school wants 10 students who did not

play last year and 11 who did.

(e) The coach wants to make sure there is a good mix of types of players on the

team,. Each student tells the coach which position they play: 20 students



forward, and 15 play power forward. The coach wants to ensure the team

has 5 people who play shooting guard and 4 people of every other position.

(f) There are 5 students who are graduating this year. The coach wants to

ensure at least 3 of them get to play.

4. A teacher randomly selects 4 numbers from 1 to n. There are exactly 2672670

possible sets of 4 numbers that can be chosen. Determine n.

5. How many distinct, three-element subsets of A are there, where

A = f1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13g?

6. (a) If there are 12 students in a class and the teacher would like to create

groups of 6, how many ways can the groups be arranged?

(b) What if two students refuse to work together?

7. Eli wakes up every morning and makes himself a smoothie with frozen fruit. He

picks 3 fruits everyday to make his smoothie with out of the 10 options types

of fruit in his freezer. He likes any combination of fruit in his smoothie except

banana with apple. How many ways are there for Eli to make his smoothie?

8. UVic is picking what �rst year math courses they should o�er next year. They

can only o�er both ‘Logic and Foundations’ and ‘Linear Algebra’ if they are

also o�ering ’Calculus 1‘. If there are 15 possible �rst year math courses and

they will o�er 7 courses, how many di�erent ways can they o�er courses?
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13. Use the binomial theorem to e�ciently expand the binomial:

(a) (x+ y)n

(b) (3� x)6

(c) (2x� 3y)7

(d) (4x+ 7y)15

14. Determine the coe�cient of x9y4 in the expansion of:

(a) (x+ y)13

(b) (2x+ y)13

(c) (4x� 3y)13

15. Determine the coe�ecient of:

(a) x7y4 in (2x� 3y)11

(b) x7y2 in (2x+ 5y)9

(c) x5 in (3x� y)5

(d) x3y9 in (�2x+ 2y)12

(e) xy6 in (2x� 4y)7

16. Evaluate the following using the binomial theorem:

(a)
Pn

k=2 2k
�

n
k

�
; n � 2

(b)
Pn

m=0
(�1)m

m!(n�m)!
; n � 1

17. Using the binomial theorem, prove (1 + i)n + (1� i)n is an integer for all n � 0,

where i2 = �1.
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3.5 Combinations with Repetitions

Questions:

1. Find two statements equivalent to: \The number of combinations of n objects

taken r at a time, where repetition is allowed."

2. When using the combinations with repetitions formula,

�
n+r�1

r

�
=
�

n+r�1
n�1

�
,

what does n represent? r?

3. Seven teammates go to a fast food joint between tournament games. The menu

o�ers: cheeseburgers, hamburgers, hot dogs, fries, and onion rings. If each in-

dividual orders only one thing, how many di�erent ways can the group order?

4. A tea shop o�ers twenty varieties of teas. Assuming they will not run out of

tea, how many combinations of tea, with repetition allowed, can 12 teas be

purchased?

5. A store has a sale on basic T-shirts, o�ering 50% o� any purchase of exactly

12 shirts. They have 40 di�erent colours to pick from. In how many ways can

someone purchase 12 shirts such that,

(a) they would like every shirt to be a di�erent colour?

(b) they can purchase the same colour shirt more than once?
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6. How many ways are there to distribute 20 toy cars to m children if:

(a) the toy cars are identical?

(b) the toy cars are distinct?

7. Parents are distributing the last of the Halloween candies between their four

children. There are seven packs of Skittles and six chocolate bars, in how many

ways can these parents distribute the candy such that each child gets at least

one pack of Skittles.

8. Create a situation that results in counting the number of integer solutions to:

x1 + x2 + x3 = 10;

where xi � 0 for i = 1; 2; 3.

9. How many integer solutions are there to the inequality,

x1 + x2 + x3 + x4 + x5 < 20;

where xi � 0 for 1 � i � 5?

10. How many integer solutions are there to

x1 + x2 + x3 + x4 = 8;

where x1 � 1; x2 > 1 and x3; x4 � 0.
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11. How many integer solutions are there to:

x1 + x2 + x3 + x4 = 30;

where xi � 1 for i 2 f1; 2g, x3 � 4, and x4 � 0?

12. How many integer solutions are there to:

x1 + x2 + x3 + x4 + x5 � 21;

where xi � 0 for i 23� 4, and
x44, and



17.



20. How many ways can someone distribute x identical marbles into n distinct boxes

such that there are m boxes empty, m � n?

21. How many ways are there to distribute r identical shoes into n distinct shoe

boxes with the �rst m boxes collectively holding at least s shoes, where m � n

and s � r?
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3.6 The Pigeonhole Principle

Questions:

1. In your own words, describe the Pigeonhole Principle.

2. State the Pigeonhole Principle in terms of sets, functions and domains.

3. What can you say about the number of pigeons occupying each pigeonhole if

there are n pigeons and m pigeonholes, where m � n?

4. Let k and m be positive integers. Explain why the existence of km+ 1 pigeons

and m pigeonholes results in at least one pigeonhole housing k + 1 pigeons.

5. Apply the pigeonhole principle to solve the following problems. Describe the

‘pigeons’ and the ‘pigeonholes’.

(a) There are 367 individuals attending a mathematics seminar, is it possible

that everyone has a di�erent birthday? Explain.



7. An ice cream parlour sells 15 di�erent ice cream 
avours. A parent brings 8



13. At a party there are n people, where n � 2. Prove that it is guaranteed that

two people will speak to the exact same number of people.

14. Prove that in any set of exactly 13 integers 12 divides the di�erence of two

numbers from that set.

15. Farmer Mary has 32 cows in a rectangular paddock measuring 15 metres by 24

metres. Show that at any given moment, there are two cows that are no more

than 5 metres apart.

16. How many integers must you pick in



4 Inclusion and Exclusion

4.1 The Principle of Inclusion-Exclusion

Questions:



5. Suppose there are 100 di�erent cookies at the bake-sale. There are 40 cookies

with chocolate chips and 25 with raisins.

(a) If 11 cookies have both chocolate chips and raisins, how many cookies have

neither chocolate chips nor raisins?

(b) Suppose there are also 30 cookies with oatmeal, 10 of which also have

chocolate, and 15 of which have raisins. If there are only 6 cookies with all

three ingredients in them, how many cookies do not contain any oatmeal,

raisins, and chocolate chips?

6. A school is having a year end barbeque. Each family is asked to contribute at

least one of the three following foods: salads, sandwiches, and juices. If there



(c) not divisible by 3 or 5.

(d) divisible by 2, 3 and 7, but not divisible by 11.

9. How many nine-digit sequences contain all of the digits 1,2, and 3 appearing at

least once?

10. How many 10-digit permutations of the digits 0; 1; :::; 9 exist such that the �rst

digit is at least 2 and the last digit is less than or equal to 7?

11. How many sequences of 10 distinct letters do not contain any of the words:

GAINS, BUG, SNAP?

12. How many sequences of 12 distinct letters do not contain any of the words:

DOG, SPUN, or DREAM?

13. How many ways can the letters of MISSISSIPPI be arranged such that none of

the following are true: all of the I’s are consecutive, all the P’s are consecutive,

and all the S’s are consecutive?

14. How many non-negative integer solutions are there to x1 + x2 + x3 + x4 = 25 if

(a) 0 � xi for i = 1; 2; 3; 4?

(b) 0 � xi � 9 for i = 1; 2; 3; 4?

(c) 0 � x1 � 5, 0 � x2 � 3, 2 � x3 � 7, 3 � x4 � 11?

15. How many ways are there to distribute 25 identical marbles into 6 distinct boxes

so that each of the �rst three boxes have no more than six balls?
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16. Consider a �nite set, S, with jSj = k. Let c1; c2; c3; c4 be four conditions, each of

which may be satis�ed by one or more elements of the set S. Use the Principle

of Inclusion-Exclusion to prove that

N(c2 c3 c4) = N(c1 c2 c3 c4) + N(c1 c2 c3 c4).

Hint : Use a combinatorial proof and consider an arbitrary element of the set.
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4.2 Derangements: Nothing in its Right Place

Questions:

1. Explain, in your own words, what a derangement is. Give a simple example.

2. Explain how a derangement is an application of the Principle of Inclusion and

Exclusion.

3. How many ways can we permute the alphabet such that no letter is in its usual

place?

4. A high school decides to host a gift exchange for their students. If 150 students

participate in the exchange, how many di�erent ways can gift-givers be assigned

such that,

(a) no student is assigned to themselves?

(b) there are 50 grade 9’s, 30 grade 10’s, 30 grade 11’s, and 40 grade 12’s par-

ticipating, and the students only draw names from students in their own

grade?

5. Kalil is interviewing for jobs at 5 di�erent companies where each job has a two-

part interview. He has 5 interview-appropriate out�ts. Kalil wants to wear each

out�t once for each round of interviews, but does not want to wear the same



7. For the set of positive integers f1; 2; 3; 4; :::; n� 1; ng, we know that the �rst 6

digits appear in the �rst 6 positions. If there are 2 385 derangement of this set,

what is the value of n?

8. A waiter (who is not particularly good at their job) has 8 customers at lunch.

Every person order a di�erent meal. How many di�erent ways can the waiter

bring people their food such that:

(a) no one get the meal they ordered?

(b) at least one person gets the food they ordered?

(c) exactly two people get the food they ordered?

(d) exactly one person gets someone else’s food?

9. Twelve friends host a potluck (a party where everyone brings a dish), six of

them are vegetarians while the other six are not. Every individual bring both

a drink and a main dish (suppose that the vegetarians only bring vegetarian

main dishes). How many ways can these friends bring home leftovers such that

each friend brings home one drink and one main dish and

(a) no friend brings home either of the things they brought to the potluck?

(b) the vegetarians all bring home the meal they brought but not their drink,

while the non-vegetarians bring home the drink they brought but not a

di�erent main dish?

(c) No one brings home both of the items they brought.

Hint : Use PIE instead of trying to adapt the derangement formula.
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10. Give a combinatorial proof of:

n! =
Pn

k=0

�
n
k

�
�d(k)

for every 1 � k � n, with n 2 Z+, where d(k) represents the number of de-

rangem [()wF(of)-326050k10.



4.3 Onto Functions and Stirling Numbers of the Second Kind

Questions:

1. In your own words, explain what an onto function is.

2. Using the language of \objects" and \containers", what is counting the number

of surjective functions equivalent to?

3. Give an example of an onto function.

4. Let f : A! B be a surjective function, what can you say about jAj compared

to jBj?

5. Count the number of surjective functions from C to D where jCj = n and

jDj = n+ 1.

6. How many surjective functions f : A �! B exist where A is the �rst 13 letters

of the alphabet and B = f1; 2; 3; :::; 9g?

7. Consider the function g : X ! Y where X = f1; 2; 3; 4g and Y = f�; �g. How

many functions g are not surjective?

8. A middle school social studies teacher wants the students to learn about the

seven di�erent continents of the world. Between the 27 students they must split

into groups such that every continent has at least one student studying it. How

many di�erent ways can the students group themselves?

Note: You may leave your solution in terms of a summation without evaluating

it.
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9.





5 Generating Functions

5.1 Introductory Examples

5.2 De�nition and Examples: Calculating Techniques

Questions:

1. Given the following sequences, determine the corresponding generating function

as a summation and in closed form (as a formula).

(a) 1; 2; 3; 4; :::

(b) 5; 4; 3; 0; 0; ::::

(c) 1;�1; 1;�1; 1;�1; :::

(d)
�

10
10

�
;
�

11
10

�
;
�

12
10

�
;
�

13
10

�
:::

(e)
�

10
10

�
;�
�

11
10

�
;
�

12
10

�
;�
�

13
10

�
:::

(f) 1; 0; 1; 0; 1; :::

(g) 1;�2; 4;�8; 16;�32; 0; 0; 0; 0; :::

2. Given the following generating functions, determine the sequence that repre-

sents it.

(a) f(x) = 0

(b) f(x) = x

(c) f(x) = 4 + 3x� 10x2 + 55x3

(d) f(x) = (3x� 4)3

(e) f(x) = 3x
1�x

(f) f(x) = 1
(1�3x)2
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3. Determine the coe�cient of the speci�ed term in the expansion of the given the

function.

(a) x3 in 1
1



8. A restaurant just closed for the night and they had an extra 12 orders of fries

and 16 mini-desserts left over. The restaurant manger decides to split this left

over food between the four employees closing that night. How can the manager

do this so that the head chef receives at least one order of fries and exactly

three mini-desserts, while the three other closing-sta� are guaranteed at least

two orders of fries but less than 5 desserts?

9. Use generating functions to determine the number of four-element subsets of

f1; 2; 3; ::::; 15g that contain no consecutive integers.

10. A student is picking out a handful of gummy bears from a large container.

There are red, yellow, and green gummy bears in the container. The student

wishes to pick out an even number of red gummy bears, an odd number that is

at least 3 of yellow gummy bears, and either 4 or 6 green gummy bears.

(a) Determine the appropriate generating function that models this situation.

(b) How many ways can the student pick out gummy bears if they pick out:

i. 15?

ii. 22?

11. Determine the generating function for the following equations, where no xi < 0:

(a) x1 + x2 + x3 + x4 = k, where 2 � x3 � 5, and 4 � x4

(b) x1 + x2 + x3 + x4 = k, where x1 and x2 are even, x3 � 5 and x4 � 2

(c) x1 + x2 + x3 + x4 = k, where xi � i for i



12. Someone buys a chocolate bar and receives 50 cents in change. Create a gen-

erating function that could determine the number of ways they could receive

their change in any combination of pennies, nickles, dimes, and quarters? The

coe�cient of which term will give the desired solution?

Note: You are not being asked to determine how many ways this is possible.

13. A deck of cards has 52 cards in total. Half of the deck is red and half is black. A

quarter of the deck has the symbol hearts, a quarter has the symbol diamonds,

a quarter has the symbol spades, and a quarter has the symbol clubs. How

many ways are there to pick 15 cards if:

(a) You wish to pick an even number of black cards and an odd number of red

cards?

(b) You wish to pick at least two of each symbol, but no more than 5 hearts

and 6 spades?

14. Three students are running for student body president: Krishna, and Jamar,

and Bonnie. Find the generating function used to determine the possible dis-

tribution of n students’ votes

(a) with no further restrictions?

(b) if every student running votes for themselves?

15. How many ways are there to obtain a sum of 7 if 2 distinct 6-sided dice, num-

bered 1; 2; 3; 4; 5; 6, are thrown?
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5.3 Partitions of Integers

Questions:

1. In your own words, de�ne a partition on a positive integer n.

2. Explain why generating functions are helpful in determining the number of pos-

sible partitions of integers.

3. What is a Ferrers diagram?

4. Give an example of a valid partition of 54.

5. Find all partitions of 5. Which of these partitions use only distinct summands?

6. Find the generating function that represents the number of ways of distributing

an unlimited supply balls into 5 identical boxes. What method would be used

to �nd the ways of distributing 10 balls?

7. Find the generating function for each of the following partitions of the integer

r such that:

(a) the largest summand is equal to k?

(b) the largest summand is equal to (2k + 1) and all summands are odd?

(c) the summands are all odd and distinct?

(d) there is at least one summand of size 2?

(e) if a summand is even it is distinct?

(f) every summand is distinct?

(g) the summands cannot occur more than �ve times?
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6 Recurrence Relations

6.1 First-Order Linear Recurrence Relations

Questions:

1. In your own words, describe what a recurrence relation is.

2. What does it mean to solve a recurrence relation?

3. Suppose a0 = 2, a1 = 7 and an+1 = �an + 5an�1 for n � 1. Find a6 without

solving the recurrence relation.

Why is it better to solve a recurrence relation rather than just �nd the desired

terms as necessary?

4. Solve the recurrence relation an = �2an�1, where a0 = 5.

5. Solve the recurrence relation an = 1
3
an�1, where n � 1 and a25



9. By making a substitution, transform the following non-linear recurrence relation

into a linear recurrence relation and then solve it.

a2
n+1 = 3a2

n;where an > 0 and a0 = 5

10. Given the following geometric progressions, �nd a recurrence relation with an

initial condition that satis�es the progression.

(a) 0; 2; 6; 12; 20; 30; 42::::

(b) 7; 14
5
; 28

25
; 56

125
; :::

11. Given the following recurrence relation and initial conditions, solve for d:

an+1 � d � an = 0, where a3 =
�8

343
and a5 =

�32

16807

12. Suppose the amount of bacteria in a container triples every hour. If initially

there are only 5 bacteria, how many bacteria are in the container after a day

and a half?

13. Solve the following recursive functions:

(a) a0 = 1; an = �5an�1 for n > 0

(b) a1 = 1; an = 4an�1 for n > 1
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6.2 Second Order Linear Homogeneous Recurrence Relations

with Constant Coe�cients

Questions:

1. When solving a second order linear homogeneous recurrence relation with con-

stant coe�cients, how many initial terms must be known to �nd its unique

solution? Explain.

2. What is the characteristic equation of

C0an = �C1an�1 + C2an�2

for n � 2?

3. Solve the following recurrence relations.

(a) an = 9an�1 � 20an�2 for n � 2, with a0 = 5; a1 = 6.

(b) an + an�2 = 0 for n � 2, with a0 = 0; a1 = �2.

(c) 5an = �30an�1 � 45an�2 for n � 2, with a0 = 7; a2 = 20.

(d) a a 6493 Td [(�)]TJ/F22 11.9552 Tf 11.955 0 Td [(20)]TJ/F26 11.9552 Tf 11.706 0 Td [(a)]TJ/F27 7.9701 Tf 6.145 -1.793 Td [(n9r/F29 11.9552 Tf 7.389 1.793 Td [(�)]TJ/F22 11.9552 Tf 11.955 0 Td [(20)]TJ4F26 11.9552 Tf 11.706 0 Td [(a)]TJ/F27 7.9701 Tf 11.955 0 Td [(20theTd .706 0 Td [(a)]TJ/F27 7.9ioq9552 Tf45 -1.791.389 -1.587 0 Td [(2)]TJ/F22 11.9552 Tf 8.634 1.793 Td [(for)]TJ/F26 11.9552 Tf 17.884 0 Td [(n)]TJ/F49 11.9552 Tf 10.309 0 Td [(�)]TJ/F22 11.9552 Tf 12.619 0 Td [(2,)-326(with)]TJ/F26 11.9552 Tf 39.67 0 Td [(a)]TJ/F24 7.9701 Tf 6.145 -1.793 Td [(0)]TJ/F22 11.9552 Tf 8.053 1.793 Td [(=)-27847)]TJ/F26 11.9552 Tf 18.278 0 Td [(;)]TJ/F22 1Tf 10.309 0 Td [(�.)]TJ
0 g 0 G9552 Tf 8.053 1.793 Td [(=)-27847)]TJ/9552 Tf 12.426 0 Td [(�)]TJ/]TJ/F22 11.955
0 g 0 G
/F26 11.944.4156 11.9552 Tf 26.01eJ/F27 7.9701 Tf 6.145 -1.793 Td [(n)1J/F30 7.9701 Tf 5.138 0 Td [(�)]TJ/F24 7.9701 Tf 6. 12.619 0 Td [(a)]TJ/F27 7.9701.9552 Tf 11.706 0 Td [(a)]TJ/F27 7.9701 Tf 11.955 0 Td [(20theTd 911 0 Td [p7 7.9ET
q
11.70 10258.865 3(th [(acm
[]0 d70 J 0.4Td w1.70 m0theTd .7l S
Qecond)-.706 0 Td [(a)58.865 335.246 7.9701 Tf 11.955 0 Td [(20theTd .706 0 Td [(a)]TJ/F27 7.9ioq9552 Tf45 4 7.9701 Tf 6.586 0 Td [(2)]TJ/F22 11.9552 Tf 8.635 1.793 Td [(for)]TJ/F26 19552 Tf 11.761 0 Td [(C)]TJ/F24 7.9701 T 11201 Tf 11.955 0 Td [(2025)615 .706 0 Td [(a)]TJ/F27 7.9ioq9552 Tf45 4 7.9701 Tf 6.586 0 Td [(2)]TJ/F22 11.9552 Tf 8.635 1.793 Td [(for)]TJ/F26 1(for)]TJ/F26 11.9552 Tf 40.064 0 Td [(n)]TJ/F29 11.9552 Tf 10.309 0 Td [(�)]T5/F22 11.9552 Tf 12.619 0 Td [(2,)-26(with)]TJ/F26 11.9552 Tf 39.67 0 Td [(a)]TJ/F24 7.9701 Tf 6.145 -1.793 Td [(0)]TJ/F22 11.9552 Tf 8.053 1.793 Td [(=)-278(7)]TJ/F26 11.9552 Tf 18.278 0 Td [(;)-167(a)]T52 Tf 9.298 0 Td [(2.)]TJ
0 g 0 G
 -248.588 -22.909 Td [((c))]TJ701 Tf 6.145 -1.793 TtheTd .706 0 /F22 11.9552 Tf 8.053 1.793 Td [(=)-278(6.)]TJ
0 g 0 G
 -262.666 -22.908 Td [((b))]TJ50 g 0 G
/F26 11.30n)105 21.461 0 Td [(a)]f)-70(J/F27 7.9701 Tf 6.145 -1.793 Td [19.36J/F30 7.9701 Tf 58.053 1.793 Td [(=)-27847)]TJ/F26 11.9552 Tf 18.278 0 Td [(;)]TJ/F22 11.9552 Tf 11.955 0 Td [(20)]TJ/d [(2)]TJ/F22 11.9552 Tf 8.054 1.793 Td 9=)-27847� 20



Note: Do not be concerned if you are not getting nice results!

5. Determine a recurrence relation with characteristic equation:

3r2 � 5r + 11 = 0

6. Here are the �rst 10 terms of the Fibonacci sequence,

0; 1; 1; 2; 3; 5; 8; 13; 21; 34; :::

This sequence can be represented by a second order linear recurrence relation

with constant coe�cients. Determine and then solve this recurrence relation.

7. Find a recurrence relation for the number of binary sequences of length n that

have no consecutive 0’s.

Note: A binary sequence is sequence made up of only the digits \0" and \1".

8. Suppose a recurrence relation of the form an = c1an�1 + c2an�2 has a general

solution an = A13n + A26n. Find c1; c2.

9. Determine and then solve a recurrence relation that determines the value of a

stock market indicator where the change in value in any given year, from the

previous, is twice the change noticed in the previous year.

10. Find the recurrence relation on for the number of n-letter words made from the

letters O, W, N that contain at least one O using generating functions. Check

your answer using a straightforward counting argument.
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11. Solve the recurrence equation an = 3an�1 + n; n � 1; a0 = 1 using generating

functions.

12. Set up recurrence relation, with initial conditions, for:

(a) un, the number of n-letter words using the letters B,A,R that contain no

consecutive A’s, n � 0

(b) vn, the number of n-letter words using the letters B,A,R such that each B

and each A can only be followed directly by an R.
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